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1. Introduction 

Gluon and graviton scattering amplitudes have very compact forms which are not obvious at 
all if one follows the Feynman rules to evaluate the corresponding Feynman diagrams. Using 
a combination of symmetry, string theory techniques and the spinor helicity formalism, 
one can simplify the evaluation of these amplitudes considerably. Some years ago, Zhu 
showed that the terms in the 4-gluon tree amplitude obey an identity Recently, Bern, 
Carrasco and Johansson conjectured the presence of such identities in higher tree as well 
as loop amplitudes Q. If these identities are true, the evaluation of the tree-level M-gluon 
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amplitudes can simplify considerably. Furthermore, given the M-gluon tree amplitudes, 
M-graviton tree scattering amplitudes can be written down immediately. Loop amphtudes 
can be obtained from the tree amplitudes using the unitarity method Q and these identities 
can be carried over Q. In this paper, we use the properties of the heterotic string and 
open string scattering amphtudes to refine and prove parts of the BCJ conjecture and to 
extend the identities to include scatterings of massless gluinos and gravitinos. 

Consider the M-gluon tree scattering amplitude which is a function of the external 
gluon momenta k'^ where kf = Q (and k'^ = 0), polarizations C,'^ where Qi ■ ki = Q and 
color aj, z = 1, 2, ..M, 



Alr{hX^, a.) = /^-^ '^'^"^^"/^"^^^ (1-1) 

^3 



where the sum is over all allowed channels (or terms) with different pole structures. There 



are (2M — 5)!! channels in J^f^- Each denominator is a product of (M — 3) pole factors : 



^'j ~ ^m=iPj,m.iki), where each pole factor Pj^mih) corresponds to the kinematic invariant 
of an internal gluon propagator. For example, a 2-particle channel pole Pj,m takes the form 
Sin = —{ki + kn)'^- The kinematic factor nj{ki,Q) is a function of fcf and Ci- Although 
the choice of the set of n^'s is far from unique, itself is independent of the specific 

choice of n^'s. In this paper, we shall discuss the choices of the n^'s in some detail. The 
color factor Cj(aj), a function of the colors Cj, is a product of the (M — 2) group structure 
constants /"'"^ corresponding to the respective pole structure, where, for a given Lie algebra, 
Tr(T"T'') = (5"^ [T'^, T^] = iV2/'^*^T'= = f'^^^T". As an illustration, we see that the 5-point 
diagram in Figure 1 has denominator S13S54 and 0(54)2(13) = f'^5a4b j!ba2d j^daiag _ Note that 
Ajj^ is unchanged if we flip the signs of both Cj and nj {cj — >• —Cj and Uj — )■ —rij) in any 
term in Eq.([L.l|). At times, we shall set the coupling g = 1. 

The dual identities are best illustrated by the 4-gluon tree level scattering amplitude, 

^r(A;i,Ci,ai,...fe4,C4,a4) = Ef!^ + + (1.2) 

s u t 

where s,t,u are Mandelstam variables, s = S12 = —{ki + ^2)^,^ = S14 = —{ki + k^Y^u = 
S13 = —{ki + k^)"^ and s + t + n = 0. Here the color factors 

g _ ja\a2b jhai,aji 
_ ja2a:jb j6aia4 

depend on the color indices. By the Jacobi identity, 

Cs + Cu + Ct = 0. (1.4) 
It was shown [|l| that the nj{ki,Qys satisfy the dual identity, 

ns + nu + nt = 0. (1.5) 
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a = 1234 
P = -iki+k2f 

Ca,P = f f 



2 1 
Of = 21354 

P = (h+ hf + ksf 

y^aia^b -r^aibc 'r^ca^a4 
Ca,P = f f f 





a= 123456 



Of = 341256 



p = -iki+k2f (h + k^f {h + hf 

'r.a\a2b -^.a^a^c 'r.a=,a(,d -xbcd 
Ca,P = f f f f 



■}^a2,a4b y^axajc -r^asaf^d 'xbcd 
Ca,P = f f f f 



Figure 1: Several examples of the poles P = IljSin and the color factors. The structure constants 
are labeled in the counter-clockwise direction. The field theory tree amplitudes A*^'^'^ are related to 
the zero-slope limit of the open string amplitudes A°'P'^", which are given by the disc diagrams in 
open string theory. The (yellow) disc for each graph is shown to emphasize this feature. 

Note that ns{ki,Q) is determined up to a term proportional to s: 

Us n'g = ns + sr]{ki,Ci) (1-6) 

and similarly for and nj, where rj is an arbitrary function of the kinematic variables. 
Following Ref.[||, we shall refer to this as a gauge transformation. We shall consider only 
the r/'s that have no pole term, so this "gauge freedom" changes only the "contact" part 
but not the "residue" or "non-contact" part of n^. A redistribution of the contact (4-point 
coupling) term among the 3 terms inside Aj^ ( |1.2D will lead to such a change in the n^'s. 
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However, the identity (II^) is gauge- independent, 



"-s + '^L + "-f = (IT'S + ST]) + (riu + urf) + (nt + try) = (s + t + n)r/ = 0. 
Note that Ji[^ is gauge- invariant, as it should be. 



Let us now consider the general A\i{ki,C,i,ai) (IJ^). Here the n^-'s are "gauge' 



dependent, even though itself is invariant. Unless specified otherwise, the n^-'s are 

chosen to have no poles, that is, they are local. A convenient symmetrized way of expressing 
them may be found in Ref.Q. There are many triplets of Cj in A^j^ (1-1) that satisfy 



Cj + Q + Cfc = 0. (1.7) 

Each color identity ( p..7| ) is nothing but the Jacobi identity multiplied by an overall factor 
of a product of structure constants. One can take any 4 (internal and/or external) gluons 
in a diagram that are connected by a single internal gluon propagator. The 3 cfs in a color 
identity ( [L.7| ) simply correspond to the 3 ways (i.e., the "s,t,u^^ channels) of connecting 



those 4 gluons. BCJ conjectured that whenever a set of 3 Cj in Aj^ (Ijl) satisfy the 
color identity (1^), the corresponding 3 n/s in the same Ajj^ (LI) satisfy the kinematic 



identity 

rij + ni + Uk = 0. (1.8) 

In general, there are many such dual pairs of identities for the M-point amplitude, not all 
of them are independent. One can explicitly check this for the 5-gluon tree amplitude with 
its 9 independent kinematic identities ||2|, ^j, which we shall also discuss in some detail. 
BCJ also conjectured that these identities can be carried over to loop amplitudes using the 
unitarity method §]. 

There are 2 key properties in the BCJ relation : 

(1) There is a set of kinematic identities (|l.8D in .4^^^ ( |l.l|) for an appropriate set of nj's; 

(2) There is a duality between a color identity ( |l.7D and the corresponding kinematic 



identity (1. 



In this paper, we shall use the properties of the heterotic string model [0] to prove the 
duality property between a color identity ( p!^ ) and the corresponding kinematic identity 



for the n/s, 



+ I residue = 0- i^'^) 



where the "residue" refers to the residue of the product of the (M — 4) poles that are 
common among the nj, ni and channels. 

To illustrate the difference between the M = 4 case and the M > 4 cases, let us look 
at a M = 5 open string amplitude identity which yields the following gauge-independent 
identity, 

"-(13)(42)5 ~ '^2(13)(45) + "-(13)4(52) _^ "-1(32)(45) ~ "-(21)3(45) + "-(13)(45)2 
Sl3 S45 
"-(51)(32)4 - "-2(51)(34) + "(51)3(42) _^ "(34)2(51) " "(21)(34)5 + "-1(34)(52) _ ^ 
Sl5 S34 
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where n(i3)(42)5 is the numerator factor of the double pole S13S24 in ihl)- "^^^ details 
of the M = 5 case will be explained in Section 5. Here it suffices to note that the 3 n^'s in 
any one of the 4 triplets has a common pole which appears in the respective denominator in 
the constraint ( l.lOl ). Actually, the corresponding color factors obey identical relations to 



the n/s in Eq.( |1.10| ). Since the Cj's have discrete values, (cj + Q + c^) |J.ggJJ^g = implies 
the color identities ( |1.7D . This is not the case for the nj{ki,(i)^s because the momenta fcj 
are continuous and because of the gauge freedom. Eq.( 1.10| ) only implies that the residue of 



each pole term must vanish. For example, the residue of (n(i3)(42)5 — ?^2{l3){45) +^(13)4(52)) 
must vanish, but its regular component that is proportional to S13 need not. On the 
other hand, the 4 regular pieces in Eq.(p^ must sum to zero. This property generalizes 
to arbitrary M. There are (M — 3)!(M — 3) independent open string identities each of 
which involves 2'^'^-^{M - 3)(2M - 7)!!/(M - 2)! triplets, where each triplet of n/s is the 
numerator of a product of (M — 4) poles that are common to the rij channels in that triplet. 
This yields the set of kinematic identities ( |1.9D , in one-to-one correspondence to the color 
identities (p77|). 

As conjectured in Ref. [Q], the kinematic identities ( |1.8| ) for M > 4 hold only in specific 
gauge choices. In proving this for M = 5, we reveal the underlying gauge choice issue. For 
larger M, we support (but do not prove) this part of the BCJ conjecture, that there always 
exist gauge choices such that (|1.8|) holds for the complete set of the kinematic identities. If 
true, the space of such gauge choices will have dimension (M — 3)!(M — 3). On the other 



hand, the kinematic identity (L9) refers to the "gauge" -invariant part of the n^-'s and so 
may be more relevant. Since the string identities are among gauge- independent partial 
amplitudes, one should treat them as the defining identities. 

Heterotic string model contains gauge fields and their interactions agree with that of 
the Yang-Mills theory in the zero slope limit (as can be shown in the background field 

ihet 
^M-gli 

slope limit a' — )■ 0, 



analysis). So their scattering yields tree amplitudes ^M_Viuon ^^^^ obey, in the zero Regge 



<%luon(«' = 0) = (1.11) 

The amplitudes ^M*giuon functions of open string amplitudes via the KLT relation 
these open string amplitudes obey identities that yield both the color identities and the 
kinematic identities on equal footings. As we shall see, the duality between the cj and the 
Uj also corresponds precisely to the duality between M-gluon and M-graviton scattering 
amplitudes, proving yet another BCJ conjecture. The implications of this gauge-gravity 
duality remain to be further explored. In short, we see that there are 2 versions of duality, 
i.e, a double duality. 

Let us briefly review Type I open string theory and explain flrst why heterotic string 
theory helps. We then summarize its key properties relevant for showing the duality prop- 
erty. If we treat the gluon field as a matrix, = A^T"" in perturbation expansion, we 
obtain the M-gluon tree scattering amplitude as a sum of gauge invariant sub-amplitudes 
i, 

Aj^ = g^'^-^ Tr(r"-ir"-2r"-3...r"-M)A*''^^(fjicT2fT3....fTM) (i-i2) 



- 5 - 



where is the set of all permutations of M lines, and Zm is the subset of cyclic per- 
mutations that preserve the color trace. The sum over the set S^'^ /Zm is over all distinct 
cyclic orderings in the trace. The color-ordered sub-amplitudes A^"^^^ are the partial am- 
plitudes that receive contributions from diagrams with a particular cyclic ordering of the 
M external gluons, so the poles occur only in a limited set of momentum channels made 
out of sums of cyclically adjacent momenta. They also satisfy the cyclic and the reflection 
properties, 

^*''^"(1,2,3,...,M) =^*'''=^(2,3,...,M,1), ^*'^^^(1,2,...,M) = (-1)^A*^^'^(M, 2, 1) 

(1.13) 

so there are (M — l)!/2 different A^^^^s in Am- Each A^^^*^ is gauge-invariant and has 
2^-^-2(2M - 5)!!/(M - 1)! channels, i.e., terms of the form n^/Pj given in Eq.([ri|). It is 
straightforward to show that Am ( |1.12 ) is equal to A^j^ (LI) by decomposing each partial 



amplitude into the channels and calculate the commutators of the matrices. For example, 
in the 4-gluon case, the terms in ( |1.12| ) which are related to the Ug/s is, 

Tr(T"^T"^T'*''T"'') — Xr(T'*^r'^^T'^^r'^'') — 'j'r(T"^T'*^T"'*T'^'') + 'j'r(r'*^T'^^T"'*T'^'^) =(tj.4) 

Next, we consider Type I open string M-gluon tree amplitudes, 

jopen^^M-2 ^ rr(r'^-l T^^a r"-3 ...T'^-M )^°Pe"(cjlCJ2C73....C7M) (1-15) 

where the color properties are contained in the Chan-Paton factor (the trace) while A"^^'^ 
is a function of the kinematic variables only. Again, the cyclic and the reflection properties 
reduce the number of ^°p*^"s from M\ to (M— 1)!/2. Now, relations among the ^°p^"s follow 
from the analyticity properties of the open string amplitudes, so, among the (M — l)!/2 
j^open^ in A'^'^"', there are only (M — 3)! number of independent ones P|. For a convenient 
set of the (M — 3)! basis amplitudes, we may choose A°P^"'{l,a2cr3....aM-2, M — 1,M), 
where the first and the last 2 gluon positions are fixed, and the permutations involve the 
remaining (M — 3) gluons sandwiched between the first and the (M — l)th gluon. In the 
zero Regge slope limit, 

hm A°P'^''{aia2a3....aM) ^ A''-^%aia2as....aM), (1.16) 

SO A°j^/^ reduces to the M-gluon amplitude Am- So it follows that there are only (M — 3)! 
number of independent A^^'^'^s []lT| . 

Consider the 4-gluon tree scattering amplitude in the open string case. In the zero 
slope limit, 

^tree.^234) = +- 

s t 

A*^^^(2134) = + 

s u 

A''''(132A) = + (1.17) 
u t 
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which are invariant under the transformation ( |1.6D . Their analyticity properties yield the 



identities among A'^^^'s. In the zero slope limit, they take the forms |11|, 

^tree(^234) + ^*'^^"(2134) + A*''^^(1324) = (1.18) 

sA*^'^"(2134) = a*^^^(1324) ^ ns + nu + nt = Q (1.19) 
The first one is obvious; it is the photon decoupling identity [O], or the Kleiss-Kuijf 



relation for M = 4 [13|. The second identity yields the kinematic identity (1.5). Note that 
the relations among AP^^"^ leads to relations among the gauge-invariant partial amplitudes 
ji^ree ^ Using only the relation ( [1.18 ) and taking the zero-slope limit, we can express the 



4-gluon amplitude from open string theory in terms of A*'"'^'^ (1.17), 

^YM ^ c,A*''^^(1234) - c„yl*'^^^(1324) (1.20) 



Using the color identity ( |1.4| ), we see that this reproduces ( |1.2| ), as expected. For 

general M-gluon amplitudes, the open string amplitudes identities that lead to only (M— 3)! 



independent partial amplitudes |Q, 11, 14] among the A^^''^'^s should also produce all the 
kinematic identities (1.9) given above. However, in open string theory, the color properties 
are in the Chan-Paton factors, so the duality between the color identities and the kinematic 
identities is not transparent at all. 

In the heterotic string theory, on the other hand, there are both compactified dimen- 
sions and spacetime dimensions. Discrete momenta in the compactified directions corre- 
spond to color, so that the color properties are encoded in the string partial amplitudes. 
Now the string amplitude identities produce the color identities when we take the momenta 
in the compactified directions and produce the kinematic identities when we take the mo- 
menta in the spacetime directions. So the 2 sets of identities are now on equal footing. 
The emergence of one assures the emergence of the other. This duality property allows us 



to write down the kinematic identity (1.9) corresponding to each color identity ( |1.7| ). As 
we shall see, in general, the kinematic identities apply only to the residue part, which is 
gauge-invariant, but not to the "contact" part. However, we do believe the BCJ conjecture 
that there always exists a gauge choice such that the kinematic identities (^]^) are true. 

A couple of comments are in order. Since we are not concerned with the finiteness of 
the string loop amplitudes, we do not have to restrict ourselves to 10 spacetime dimensions 
for superstrings (the right-movers of the heterotic string) or to 26 for bosonic strings (the 
left-movers of the heterotic string). We shall consider gauge groups other than those 
with even self-dual lattices. To simplify the discussion, we shall restrict our discussion to 
simply-laced Lie groups, in particular U{N). A key fact we shall use is that the M-gluon 
heterotic tree scattering amplitude -4.1^^^^^^^ equals the Yang-Mills M-gluon tree scattering 
amplitude in the zero slope limit. Note that the spectrum in the Type I open string model 
is very different from that in the heterotic string model. However, both reproduce the M- 
gluon amplitude Aj^ in the zero slope limit. So these 2 sets of stringy properties provide 
different relations for and insights into A^^. 

To get a flavor of the properties of A^^^{a' = 0) from the heterotic string perspective, 
let us consider the 4-point tree amplitude. The heterotic string theory is a closed string 
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model 0. The KLT relation allows us to write the closed string amplitudes in terms of 
a sum of products of open string amplitudes Q. Since there is only one ((M — 3)! = 1) 
independent open string partial amplitude for M = 4, the 4-point amplitude ^4''*' is simply 
a product of a 4-point open string amplitude for the left-movers (the bosonic string) 
and an appropriate 4-point open string amplitude for the right-movers (the superstring) 
multiplied by an appropriate sine factor. In the zero-slope limit (that is, keeping the lowest 
order in the a' expansion), the sine factor reduces to a Mandelstam variable that removes 
the double poles present in the product, leaving only single pole terms. More explicitly, we 
have the 3 left- moving partial amplitudes, 



^1234 - +— — 
^2134 --— + — 



and the 3 right-moving partial amplitudes. 



^1234 — 



S t 



^2134 — I 



S U 
R „R 



^f324 = -^ + ^. (1.22) 

u t 



For i = s,t,u, ^4''*(0) becomes 

(1) the 4-gluon scattering amplitude Aj'^ if = Cj are the color factors and = 
nj{ki,Ci) are the kinematic factors in In this case, the A^s are simply the partial 
amplitudes in the scattering of 4 colored (in adjoint representation) massless scalar particles 
with only cubic couplings; 

(2) the 4-graviton scattering amplitude, if nj = nj{ki,^i) and = nj{kiXi) so the 
graviton polarization e^^ is the traceless symmetric part of the product C/iC;^- 

The open string amplitude identity ( |1.19 ) then yields 



n^ + n^ + n^ = 0, nf + nf + = (1.23) 
The KLT relation tells us that there are 6 equivalent ways to write the full 4-point tree 
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scattering amplitude, using s + t + u = 0, 



^4°*(0) — —5^^234^2134 



■8^2134^1234 



s t u 

n^n^ {rig + n^)n^ ^ui'i^s' + "-t^) 
s t u 



(^^1234^1324 I — + 



t U 



^1324^1234 



" '"'^2134^1324 



"■"^1324^2134 



— + 

s 


t 






nsin? + n^) 




+ 




s 




u 


{nf + n^)nf 




+ 





s u t 



where the identities ( 1.23|) are used. This is the 4-gluon amphtude Aj^ (LI) for nj" = Cj 
and = nj{kiXi), j = s,t,u. Note that the way Aj^'^ (|1 . 1|) is reproduced in the 
heterotic string approach ( 1.24| ) is very different from that in the open string approach 
( |1.20 ). Here, the specific functions nj{ki,(i) can be extracted from the string theory 
amphtudes. Alternatively, we can start without knowing the identities ( |1.23| ). Demanding 
that the 6 ways to express ^4'^*(0) ( |1.24[ ) be equal now yields both the identities ( 1.23| ) 
and the diagonal form ( |1.2| ). The parallel (or dual) property between the left and the right 
movers is also clear. 

More generally, open string amplitude identities provide relations among the (M— 1)!/2 
so there are only (M — 3)! independent Aj^s (similarly for A^s). It is the freedom in 
choosing the set of independent partial amplitudes that allow us to express the heterotic 
M-point scattering amplitudes A^^ in different but equivalent ways. In general, we may 
obtain the identities ( [1.7| ) and ( |1.8| ) if we use the relation ( 1.11 ) and compare (the many 
equivalent ways of expressing) -4.^_*g[^^jj^(0) to Ajj^ (LI) directly. Notice that the identities 
are separate for left-movers and right-movers, that is, the left identity follows from the 
(left-moving) open string amplitude identities and the right identity follows from the (right- 
moving) open string amplitude identities. 

It is important to note that the open string amplitude identities do not depend on 
the explicit forms of rij and n^. Choosing spacetime momenta instead of internal discrete 
momenta, the left (bosonic) amplitudes describe the scattering of massless vector particles, 
so the same set of (left-moving) open string identities yields the corresponding kinematic 
identity (|l.8| ). Since the right (superstring) amplitudes also describe the scattering of 
massless vector particles, we have, in the zero slope limit, the same functional forms for 



and rij, 



nf = nf = Uj (1.25) 
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Now, the open string amphtude identities do not care about the exphcit form of the kine- 
matic factor Uj or n^, so we can generahze the corresponding set of relations ( |1.9| ) or 



nf + nf + nf = 0, nf + nf + nj^ = (1.26) 

where at least the residue parts must hold. In general, each set of these identities are not 
necessarily independent, so we are free to select a subset of them as an independent set. 

Although the open string identities are among the gauge-invariant partial amplitudes, 
these kinematic identities ( [1.26D (for Af > 4) are gauge-dependent (that is, they are true 
only in specific gauges). This suggests that the open string amplitude identities among the 
gauge-invariant partial amplitudes may be more useful in general. In some applications, 
the knowledge of the existence of the kinematic identities is already sufficient. Although 
we are not able to prove this part of the BCJ conjecture, we do believe that there always 
exists a gauge choice where the complete set of kinematic identities ( |1.26| ) are exact. 

In summary, the open string amplitude identities hold for general nj" and separately 



for n^. Using Eq.(l.ll), we see that, in the zero slope limit, ^jjf* has the diagonal form 
for nf = Cj and = nj, 



<^*(0) = 5]^ (1.27) 



So, given the M-gluon amplitude Al}^ (1-1)) the M-graviton amplitude A^Jf^ can be 



written down immediately by replacing cj by nj{ki,^i) (more accurately, Cj — )• a'nj{ki,^i) 
and keeping the lowest order in a'), where .^f are a new set of polarizations (^j • fej = 0), 

^5^™(fe., ei) = ""^'^^^'^'p'^^"^^^ (1.28) 

where the graviton tensor polarizations e^'^ is given by the /ii/-symmetrized product C^- 
This form of is also conjectured by BCJ. We can also incorporate massless fermions 

fi into the right movers, so that = nj{ki,'ijj,C,i) describes the fermion-vector particle 
scatterings f + g^f + gA-... and its cross channels. With = cj, in the zero slope 
limit now becomes 

(1) the gluon scattering (nj^ = nj{ki,'ip,(i)) with gluinos; 

(2) the graviton-gravitino scattering amplitude when nj = nj{ki, d) and = nj{ki,ip, Q). 
Further generalization to identities in tree scattering amplitudes involving both gluon and 
gravitons as well as fermions and gravitinos is straightforward. 

The rest of the paper is organized as follows. Section 2 discusses properties of the 
heterotic string amplitudes in the zero slope limit that are relevant for understanding the 
identities and the duality property. The gauge choice issue and open string amplitude 
properties are also reviewed. In Section 3, we focus on the 4-gluon amplitude. In Section 
4, we discuss general M-gluon amplitude and we illustrate the issues with the 5-gluon 
amplitude in Section 5. Since some of the subtle issues appear only for M > 4, the reader 
may prefer to read parts of the discussion on the M = 5 case before the general M case 
in Section 4. Section 6 contains some discussions. Some notations are summarized in 
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Appendix A and some details on the emergence of the color factor (Lie algebra) in the 
heterotic string amplitudes is discussed in Appendix B. 



2. Yang-Mills, Heterotic and Open String Scattering Tree Amplitudes 

The heterotic string theory |^ is a closed string model that contains the bosonic string in the 
spacetime R^'^~^ xF'^ as the left-moving part, and the superstring in the spacetime R^'^~^ 
as the right-moving part. Here the internal discrete momenta span the A^-dimensional 
torus to form a lattice A^. Loop finiteness (modular invariance) requires D = 10 and 
= 16 with an even self-dual lattice. Since we are not concerned with this important 
stringy property, we can choose other values of D, say D = 4 here, and for U{N) or 
SO{2N). 

On the massless level, the left-movers contain the vector modes and the color modes, 
where the color modes contain either the discrete momenta A'^'s, which correspond to 
the roots of the Lie algebra, or the polarizations in the lattice A^, which correspond 
to vectors in the Cartan subalgebra. The right-movers contain the vector modes and the 
spinor modes. We shall use the superscript (v), (c), (s) to denote the vector, color and 
spinor sectors. 

The gluons in the heterotic string are the product of a left-moving color mode and a 
right-moving vector mode, i.e., (color) x (vector). We shall use the fact that, in the zero 
slope limit, the M-gluon tree heterotic scattering amplitudes "4.^_*g[^jjj^ equals the M-gluon 
amplitude in Yang-Mills theory : limQ,/_j.o ^^-giuon ~ -^X/^- 

Recall that Alf^ is gauge-invariant. Let us take a closer look at this issue. Consider 
the terms inside the M-gluon amplitude (1.1) that have (M — 4) common channels (poles), 
with P as their product. It is easy to convince oneself that there are 3 and only 3 such 
terms for each choice of P, so 

Pj = Psj, Pk = Psk, Pi = Psi (2.1) 

where sj, Sk and si label the the remaining pole in the cj, the Ck and the q term respectively. 
As will be shown later, the corresponding color factors satisfy the color identity Cj+c^+ci = 
0. Now, under the gauge transformation 

Tij — )• n'j = rij + rjSj 
rik n'^ =nk + r]Sk 

ni ^ n'i=ni + -qsi (2.2) 
where 77 is a local function of ki and ^j, we have 

Pj Pk Pi Psj Psk Psi 

^^;^^ = ^ + ^ + ^ + rest = ^If + 4(c,+c, + Q) = ^ir (2.3) 
Psj Psk Psi p ^ ^ 

so we see that A\f^ is invariant under this transformation. A general gauge transforma- 
tion of interest here can be decomposed into (M — 3)(2M — 5)!!/3 (not all independent) 
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transformations, each involving a triplet of terms inside as in the case just discussed. 
For the same product P of (M — 4) poles, either 2 or terms with P in the denomina- 
tor appear in each partial amplitude A^^^'^. For the partial amplitudes with 2 such terms 
appearing, these 2 terms always appear with opposite signs (in the sign convention where 
Cj + Cfc + = 0) so that the gauge terms oc rj cancel. So A*^'^^ is also gauge-invariant, as it 
should be. 

An M-point L-loop heterotic string amplitude has only one closed string diagram. The 
KLT relation [^] shows that the heterotic string tree scattering amplitude can be written 
as a sum of terms, each of which is a product of a left-moving tree scattering amplitude, a 
right-moving tree scattering amplitude and a factor involving only momentum invariants. 
These left and right tree amplitudes can be expressed as open string amplitudes. 

A typical M-point open string tree ordered amplitude is an integral with M Koba- 
Nielsen variables Xj. Mobius invariance allows us to fix any 3 of them, say xi = 0, xm-i = 1 
and xm = co- So the ordered A{1...M) takes the form (up to an x-independent factor in 
front) 

A{l...M) = [ UfifdxM^.+i - Xi)UM>J>^>l{x, - (2.4) 
Jo 

where rriji are integers. Extending any one of the variables from — oo to +oo and closing 
the the contour leads to a vanishing integral. For example, extending the integration of X2 
to (— oo,+oo) and closing its contour, we have [^] 



oo 



oo 



dX2 / UfifdXiQ{xi+i - Xi)UM>J>^>l{xJ - x,)"''='-^^/2+-.« = Q (2.5) 



Now we can break this X2 integral into ordered pieces: — oo — ?■ 0, — )• X3, X3 — )■ X4, ... , and 
1 — )• 00. Up to a phase, each equals a different ordered open string amplitude. This way, 
we obtain a relation among the set of A"P^'^^s. Extending the other Xj from —00 to +00 on 
other ordered amplitudes yields additional identities, not all of them are independent. As 
a result of these identities, there are only (M — 3)! number of independent ordered open 
string partial amplitudes A°P'^'^^s. For a convenient set of the basis amplitudes, we may 
choose ^4(1, (T2, <T3, ....,aM-2, M — 1, M), where the first and the last 2 particle positions are 
fixed, and the permutations involve the remaining (M — 3) particles sandwiched between 
the first and the (M — l)th ones [§. 

In the zero slope limit, the phases drop out in the real part of the integral mentioned 
above so it yields a relation among the (M — 1) ordered amplitudes 

y4(213...(M-l)M) + yl(123...(M-l)M) + ^(132...(M-l)M) + ... + yl(13...(M-l)2M) = 

(2.6) 

This and similar relations (real-sid, or the real parts of the open string identities) are 
known as the Kleiss-Kuijf relations These real-SID can be used to reduce the number 
of amplitudes to a smaller set with (M — 2)! A^'^^^s. This allows one to simplify the sum 



( [2^71 ) into (M - 2)! terms 
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where 5*^^^ is the permutation group for (2, ...M—1). Using the Jacobi identity repeatedly, 
one can show that it is equivalent to (|1.1D . 

The imaginary part of the above integral yields another identity (im-SID) among all 
of them except A{123...{M — 1)M) which is real to start with. This yields |jll|, 



M-l . i V 

{k2 ■ ki)A{213...{M - 1)M) - ^ ( Z]^2 • kA A{13...i,2, {i + 1)...(M - 1)M) = (2.8) 

i=3 ^ j=3 ' 

Extending the other Xi from — oo to +oo on other ordered amplitudes yields additional 
identities, not all them independent. These identities are among gauge-invariant A^^'^^s 
and so are gauge invariant themselves. As a result of these identities, there are now only 
(M — 3)! number of independent A^'^'^^s. They form a set of basis amplitudes. 

The open string identities from the contour integral of analytic expressions hold for 
both the left- and the right-moving parts. The residues of the left-moving string identities 



for the discrete momenta (color factor) will yield the color identities (1.7). The right-moving 
string identities for the partial amplitudes have exactly the same form as the left-movers. 
If we decompose the right-moving partial amplitudes into channels, with numerators n^'s, 
then the right-moving open string identities just give the identities for rij (even when the 
nj's are not gauge invariant). In particular, this leads to a set of kinematic identities (|1.S|). 
This is summarized in Table 1. 





Momenta 


String identity 


Comment 


Left: ch{K^,C^) 


discrete momenta 


Ci + Cj + Ck = 


color id. 


Right: ni{k,C) 


spacetime momenta 


rii + Uj + Uk = 


kinematic id. 



Table 1: Identities inside the Af-gluon tree scattering amplitudes 



The open string amplitude identities do not depend on the details of the numerator 
factors in the channel decomposition of the partial amplitudes. They can be the color 
factors Cj or the kinematic factors nj. When applied to the left-movers, the open string 
amplitude identities yields the color identities when applied to the internal dimensions, 
a'*, and yields the kinematic identities when applied to the spacetime dimensions. This 
one-to-one identity enable us to use the Jacobi identity to locate the color identity and 
hence the corresponding kinematic identities. Heterotic string also contains the graviton 
sector, which has both the left-moving and right-moving momenta noncompact and in the 
spacetime R^'^~^. The graviton scattering amplitude can also be calculated by the KLT 
relation for the heterotic string, and the scheme is summarized as following: 





Momenta 


String identity 


Comment 


Left: ni{k,^) 


spacetime momenta 


rii + rij + Uk = 


kinematic id. 


Right: ni{k,C) 


spacetime momenta 


rii + rij + Uk = 


kinematic id. 



Table 2: Identities inside the M-graviton scattering amplitudes 



Here ni{k,S,) is simply ni{k,C) with the polarizations Q replaced by a new set of 
polarizations ^j. Note that there are 2 sets of dual pairs here: 
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(1) the Cj's and the n^-'s in Table 1, which is present within YM amphtudes and 

(2) the Cj's in Table 1 and the n^-'s in the left-moving sector in Table 2. 

So, if we replace the left-moving amplitude with discrete momenta and polarizations inside 
the lattice for the Lie algebra (say SU{N)) by the left-moving amplitude with spacetime 
momenta and polarizations, we convert the M-gluon scattering amplitude into the M- 
graviton scattering amplitude (up to a factor of a'^^~^), 

aYM _ ^i^i Agrav _ ST^ ^i(^; 0^^(^^ C) /r, q\ 

■^M — p -^Af-graviton ~ p, y"^'^) 



^ external gluons 


M 


4 


5 


6 


7 


# channels in .4^^ = # nj 


(2M - 5)!! 


3 


15 


105 


945 


# partial amplitudes A^'^'^^ 


(M - l)!/2 


3 


12 


60 


360 


^ channels in each A^'^'^^ 


2*'^-2(2M-5)!!/(M- 1)! 


2 


5 


14 


42 


# independent im-SID 


(M-3)!(M-3) 


1 


4 


18 


96 


in a real-SID 


M-l 


3 


4 


5 


6 


^jltree im-SID 


M-2 


2 


3 


4 


5 


^ triplets in each im-SID 




-3(M - 3)(2M - 7)!!/(M - 2)! 


1 


4 


15 


56 


identities among rij 


(M-3)(2M-5)!!/3 


1 


10 


105 


1260 


# indep. kin. identities 


(2M - 5)!! - (M - 2)! 


1 


9 


81 


825 


# independent nj 


(M - 2)! 


2 


6 


24 


120 


# basis A*''^^ 


(M-3)! 


1 


2 


6 


24 


^ of terms in the KLT 
relation 


(M - 
(M - 


3)![i(M - 3)]![i(M - 3)]!,Modd 
3) ! [i (M - 4)] ! [i (M - 2)] ! , Meven 


1 


2 


12 


96 



Table 3: Summary of the counting of the kinematic factors nj or equivalently the color factors Cj. 
Note that the number of identities among the n/s are not all independent. Here, real-SID refers 
to the real part of an open string amplitude identities (equivalent to the Kleiss-Kuijf relations) and 
im-SID refers to the imaginary part of an open string amplitude identities |ll[. The number of 
^treog j-gfgj-g to the number before the real-SID and the im-SID. Some entries are already given in 
Ref.[|,|,0. 

Now there are (M — 3)! independent left-moving partial amplitudes and (M — 3)! 
independent right-moving partial amplitudes. Since a heterotic string amplitude is a sum 
over the product of a left- and a right-moving amplitude, we can express it as a sum over 
[(M - 3)!] 2 terms of a left -moving basis amplitude times a right-moving basis amplitude. 
However, a judicious choice of basis amplitudes can reduce the number of terms in the 
sum, especially when M is large. The resulting smallest number of terms known is given in 
Table 3, which also gives a summary of the counting of n^-'s and other relevant quantities 
as well. The counting of c^'s is exactly the same as that for the nj's. Taking the (M — 3)! 
independent A^ = A^'''"^^ as the set of basis amplitudes, we can interpret the KLT formula 
for ^Jj|*(0) = Jilf^ as expressing J^f^ as the linear combination of the (M — 3)! basis 
amplitudes A^'^^^s. 
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3. The 4-Gluon Tree Amplitude from the Heterotic String Model 



As an illustration, we consider the 4-gluon tree scattering amplitudes in heterotic string 
model. This is a long path in obtaining the color identity as well as the kinematic iden- 
tity. However, its generalization to M-point is straightforward once we see the underlying 
properties. Here, we shall take the following steps to prove the BCJ conjecture for Aj^: 

• We show that the color factor c^'s emerge as the residue of the different channels in 
the left-moving amplitude in the color sector. Using the contour integral for these 
left-moving open string amplitudes, we prove the color identity (^]^) for the c's. 

• When applied to the right-moving open string amplitudes for the vector sector, the 
same contour integral argument yields the kinematic identity (|1.5|). In this manner. 



the kinematic identity (1.5) is dual to the color identity (|T 



Finally, the KLT relation is used to construct the complete 4-gluon amplitude and 



show its decomposition (L2). Here, the duality between cj and nj are manifest. 



Another way to see the duality property is to replace the c^-'s in the left-movers by the nj 
when we go from the compactified space to spacetime. This yields the 4-graviton scattering 
amplitude. 



3.1 Left-moving amplitudes 

The left-moving amplitude can be thought as open-string amplitudes with four vertex 
operator with either compact momentum or the Cartan sub-Lie algebra vector (^^ 
instead of the polarization It is straightforward to write out the amplitudes for different 
orderings of the vertex operators, 

= ■ co(2134) . ( - ^) 

• r dx2 (-X2)^'=^-''^+'"'^^-^^(l-X2)^'^^-'^^+2"'^^-^V(x2) (3.1) 
J —oo 

AfS = ^' ■ co(1234) • ( - ^) 
Jo 

AfS = ^^ . co(1324) • ( - ^) 

• l^°"dX2 X|^'"'^+'"'''"'^^(X2 - l)ikM2a'K,-K, (33) 

The factor comes from the vertex normalization, while for general M-point scattering 
amplitude, it would be The normalization factor (— ^) is included to obtain the 

correct normalization for the color factors, which are dimensionless. cancel the undeserved 
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overall factors of the c's. The coefficients co(2134) etc. are cocycles for the root lattice, 

C0(2134) = (^ — l'j^2*K2+K3*Ki+K4*K3+K4*Ki 

C0(1234) = (^ — l"j^l*^^+^3*^2+K4,*K3+K4*K2 ^3 
C0(1324) = (_l)^l*^l+-^2*i<'3+^4*^3+^4*^2 (-3 g") 

which is reviewed in Appendix A. The function /(X2) contains C^j the "polarization" in 
the Cartan subalgebra in the color lattice, 

/(x,)=exp(^ ^1^\2 -E7^^) ' (3-7) 

i>j ^3' J multiple-linear 

where only the multi-linear terms in ^/'s are kept. We have already shifted a' to a'/4 in 
order to use the KLT relation later. However, the discrete momentum just appears on 
the left-moving amplitude, so the exponent like 2a' Ki ■ K2 is not changed by this shift and 
we can just set a' = 1/2 for this product in calculations here. 

The 3 amplitudes (3.1)-(^[^ are related since we can consider the contour integral, 

J —00+ie 

In terms of the string amplitudes, this reads, 

= (_i)-f^i-^2gi-(4fci-fc2) . co(2134)A2^3i + co(1234)Af2^3^ 

+ (_l)^2i^3g-i^{4fc2/c3)^^(1324)A[3(^^ (3.9) 

However, it is easy to check that 

(-1)^1-^2^0(2134) = co(1234) = {-l)^^-^^co{132A). (3.10) 

Therefore we get the string identity 

e'-^'^'^^-'^'^A^i^l + Afg + e— (l^'^-^^) AfS = 0. (3.11) 

In the low energy limit, we have a{'234|^,_^q = A^234 ^tc. Only the massless poles survive 
in this limit, so we have 

-L(c) _ _Cs Cu 
^2134 - ^ + ^ 



L(c) _ ^ _ ^ 
S t 



^1234 



The lowest order of ( f3.11 )'s real part (real-SID) yields ^ 



^2134 + ^1234 + ^1324 " ^ (3.13) 



""^Here the real (imaginary) part means that we choose the real (imaginary) part of the phases e^'^'-T^'i'^^'. 
Because the left-moving partial amplitudes A^^"^' are either pure real or pure imaginary for fixed M, this 
separation of the phases is valid. 
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which simphfies to the relations of the q coefficients, 



Cs = Cs, Cu = Cu, Ct = ct. (3-14) 
Furthermore, the lowest order of the imaginary part (im-SID) of ( p.ll )'s gives, 



*^2134 ~ ^^1324 (3.15) 



which reduces to the Jacobi identity Cg + ct + Cu = (|l^ 

In Appendix B, we exphcitly see that = p^^^b jba^a^ ^ ^ ja^a^b jba^a^ ^ ^^^^ ^ 
fa^asb jba^a^ _ So these c's defined in { ^J% ) are the same as that in Q. Hence we see that 
the left-moving amplitude gives the color factors c's and the Jacobi identity (1.4) they 
satisfy. We readily admit that this is a complicated way to obtain a very simple result. 
The payoff is in the parallel derivations of the color identity and the kinematic identity, to 
which we now turn. 

3.2 Right-moving amplitudes 

The right-moving superstring amplitudes are obtained in the same way as the left-movers. 
Here we introduce the gluon polarizations and continuous momenta k'j^, 

aS = ^(ti)'/!^"^ i-x.)^'-'Hl-^2)'^'^-'^f{x.) (3.16) 

AfS = ^{-^yi'd., xr^-'\l-x,)i'^-'^Kx,) (3.17) 

AfS = ^{-^yfdx, 4"'-"\x, - iT^'^-'^Kx,) (3.18) 
where the f{x2) contains the polarizations, 

/>2) = exp f-Er^^--E^^l 

\ 2 , [Xi Xj) 2 . . . Xi Xj J 



multiple- linear 



(3.19) 



and we set xi = 0, 3:3 = 1 and X4 = 00. The overall factor ^i/a''^ comes from the sphere 
amplitude normalization which is the same for arbitrary M-point scattering amplitude. As 
the left-moving amplitude, we already replaced the a' in open string amplitude, by a' /A^ 
to match the close string decomposition. The factor (l/-v/2)^ comes from the commutator 
convention [T'^.T^] = iV^f'^'^'T'', and exponent "2" in (l/\/2)2 really means M - 2 in the 
general case. 

By the same argument for the left-moving part, we have the identity, 

^ j^RM + ^-i.(4fe.fc3) Af W = 0. (3.20) 

The right hand amplitude like ^1234 etc. is just the open string amplitude ^1234 with a' 
replaced by a'/4. However, in the zero slope limit a' — ?■ 0, the open string amplitudes 
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reduce to the Yang- Mills color-ordered partial amplitudes, which have no dependence on 
ol . Therefore, in the same limit, 

hm AfS = <S = A*^^^(1234) (3.21) 

etc., because the right moving amplitudes have the same forms as the open string am- 
plitudes whose zero slope limit are the Yang-Mills color-ordered partial amplitudes. The 
lowest order in a' of ( 3.20D will determine the identities of the partial amplitude. 

.Riy) .R{v) /.R{v) _ „ „„x 
^2134 ^ ^1234 ^ ^1324 " \C>.^^) 

„ _ fA^'<") {r, oo\ 

*^2134 ~ ''^1324 \O.LO] 

which was obtained in [^]. Note that these identities involve only the gauge invariant 
partial amplitudes. We can decompose the partial amplitudes A's into different channels 
to obtain 

.Riy) _ _ns Uu 
^2134 - ^ + ^ 



Riv) _ ^ _ ^ 
S t 



A 

^1234 



SO Eq. (|3.23| ) yields the kinematic identity + nt + n„ = (|1.5|) . which is dual to the 
Jacobi identity + Q + = 0. Although the partial amplitudes are gauge invariant, the 
rij are not. However, the kinematic identity (1.5) is also gauge-invariant. 

3.3 The Yang-Mills amplitude 

Finally, we can use the KLT relation to find the 4-gluon string amplitude and its field 
theory limit. For 4-gluon amplitude, the KLT relation reads, 

<iuon = - (f ) ' Sin (4^2 • ^3) • ( - ^) AfS AfS . (3.25) 
The low energy limit can be obtained by keeping the lowest order in a' in each term, 

<1iuo„(0) = -vr^(f )^^iS34^fi2l- (3-26) 
Note that all a' cancel as they should. Using Eg. ( p. 12 ) and Eq.(3.24) we obtain 

A%uon{0) = - ^)(-^ + ^) (3.27) 

^ \7r J s t u t 

r, f CgUs CuTLu Ctnt\ 

= g \ ^-^ + + — ], (3.28) 
\ s u t J 

where the identities ( |1.4D , ( |1.5D and s + t + u = are used. This is the 4-gluon amplitude 
AJ^ (O) or (Ol). 
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4. M-gluon Tree Scattering Amplitudes 

The above analysis generalizes to the M-gluon amplitudes. However, for M > 4, the 
subtle issue of gauge dependence emerges, complicating the analysis. In this section we 
consider the M-gluon heterotic string tree amplitude that yields the corresponding Yang- 
Mills scattering amplitude, 

• The heterotic string left-moving amplitudes for the color sector introduces the q's, 
which are the color factors. By the contour integral argument, Cj's satisfy linear 
identities, which are shown to be the color (Jacobi) identities ( [l.TI ). The discreteness 
of the internal momenta makes the generalization to general M straightforward. 

• The heterotic string right-moving amplitudes for the vector sector introduces the 
kinematic factors nj's. The same contour integral arguments yield the identities 
among the A^^'^^s, and can be expressed into identities among the n^-'s. Due to 
the continuous nature of the spacetime momenta, the gauge dependence issue needs 
a more careful treatment. In particular, we obtain a refined version of the BCJ 
conjecture [^], namely the kinematic identities ([1.91 ). 

• By the KLT relations, the complete amplitude is a product of left and right moving- 
amplitudes, which reproduces the M-gluon amplitude via the relation ( |1.11| ). 

4.1 Left-moving amplitudes 

As before, the left-moving amplitude are the scattering amplitude of holomorphic vertex 
operators with spacetime momenta A;^ and color parts (discrete momentum K- or discrete 
polarization (,■), but without the spacetime polarization. 

For M-point scattering amplitude, up to cyclic symmetry, there are (M — 1)! vertex 

L(c) 

orderings, say, A^^^^ ^j^^, where o" is a permutation of the first M— 1 vertices. Again, its 

zero slope limit is ^^j^i o-m which will be used for the Yang-Mills scatting amplitude. 
For the sake of simplicity, we shall use the Greek letters a, (3 etc. to represent the vertex 
order like "cricr2...crAf_iM". 

Each Aa^"^ contains 2^^~'^{2M - 5)!!/(M - 1)! channels @, 

^«^^^ = E^' (4.1) 
p 

where P is a product of (M— 3) poles, going through these different 2^^~^(2M— 5)!!/(M— 1)! 
channels. (Note that the number of channels is C(M — 2), where C{n) is simply the nth 

Lie) 

Catalan number.) For example, there are two channels for ^1234' -P is s or t. 
For M points, the generalization of Eq.( |1.3D is, 

Ca,p = Contraction of the / s. (4.2) 

where the r.h.s. is determined by the rules in the channel decomposition subsection, 

• Draw a color-ordered diagram according to the ordering a and the pole P by using 
the 3-point vertices only. 
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• For each 3-point vertex, read f"'^'^ if (abc) is CCW. For each propagator, read S""^. 

Eq.(|4.2|) can be proven for general M by the unitarity relation of the tree amplitude and 
the induction on Af. As in the M = 4 case, Co,,p, which corresponds to the lowest order 
in a' in string amplitude, does not have spacetime momentum dependence. So there is no 



contact terms in the left-moving amplitude, and the expansion (4.1) is well-defined. 

It is obvious that two different vertex-operator orderings, a and /3, may contain a 
common channel and so there exist two factors Co,p and C/j^p with the same P. An example 
is the two 6-point diagrams in Fig.|| (disc diagrams in open string theory), where ^4 ^23^56 
and ^341256 contain the common channel which corresponds the same pole P = —{ki + 
^2)^(^3 + ^4)^(^5 + fce)^) which are related by ^^23455 p = "^341256 P- cases like this, 
we have, 

Ca,p = ±cp,p, (4.3) 

cases where a minus sign will appear each time when we flip the two legs of an internal 
vertex. The color factors satisfy the color identities which always involve 3 c's. This can 



be verified either by the explicit formula Eq.(O) and the Jacobi identity or the contour 



integral argument similar to the 4-point case, as we shall explain now. 

4.2 Contour integral method and the color (Jacobi) identities 

As in the M = 4 case, we can use the contour integral argument on the left-moving open 
string tree amplitudes to prove Eg. ( [4. 3]) and also all the identities for the color factors. 

The M-point open string tree amplitude involves M — 3 integrals over the Koba-Nielsen 
variables (vertex operators' positions along the real axis), so there are many ways to use 
the contour integral argument. Here we just show a particular way which gives all the color 
(Jacobi) identities. 

A general color identity for the color factors, which appears in the tree level amplitude, 
corresponds to the channels of four sub-diagrams connected by an internal 

line. See the diagrams in Fig. ^, where A,B,C,D are four sub-diagrams. [A] , [B] , [C] , [D] are 
the color factors of the correspondent sub-diagrams, while a, b, c, d are the "output" color 
indices of each diagram. The sum of the three diagram's color factors vanishes, 

[A] [B] [C] [D] (f'^bejecd ^ jbcejead ^ jcae Jebd^ ^ q ^4 4) 

because of the Jacobi identity. 

Without loss of generality, we use the following notations for the vertex labels, order- 
ings and poles. 



Sub-diagram 


Vertex ordering 


Pole 


Color factor 


A 


a = 1, ...,p 


P(A) 


[A] 


B 


13 = p+l,...,p + q 


P(B) 


[B] 


C 


'j = p + q+l,...,p + q + r 


P(C) 


[C] 


D 


S = pj^q-\-r + l,...,p + q + r + s 


P(D) 


[D] 



Here p + q + r + s = M. 
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lAJlBJLCJ[DJ/""7"" + lAWBmmr"" f + [AJIBJICJID]/ / 



Figure 2: General color (Jacobi) identity for the color factors in tree diagrams. The discs A, B, C 
and D represent the sub-diagrams. 

The string amplitude for the vertex ordering 1....M is, 

= (-^\ co{l...M) ■ [ dxi...dxp.i /' dXp+i 

\ 4 / Jxi<...<Xp^i<0 Jo 

dXp+2--- / dXp+g+r / dXp+q+r+2---dXM s{x)f{x), (4.5) 

Xp+l Jxp+q+, 1 J l<Xp+q+r+2<...XM 

where we fixed Xp = 0, Xp+g+r+i = 1 and = oo. As before, 

s{x) = xm{xm-1) n (^.■-^^)'^'"'^^'"'''"'^^- (4.6) 

l<i<j<M 



and 



, (4.7) 

multiple- linear 



again the ^/'s are the discrete polarizations in the Cartan Lie sub-algebra in the internal 
compactified space. 

Consider the contour-integral of the analytic function s{x)f{x) in Xp+i over the straight 
line just above the real axis (see Fig. (p|)), 



dxp+i - ^)^^~^co{l...M) j dx s{x)f{x)^ = 



(4.8) 



where J dx stands for all the other integrals appearing in ( |4.5| ). This equation is similar to 
the M = 4 case but with more pieces: 

• < Xp+i < 1. Here, there is only one term which is the original vertex ordering, 

• Xp+i < 0. Here, the variables Xp+2, Xp+g+r are still larger than Xp+i. Although 
the orderings inside /37 and a remain unchanged, the relative ordering between /37 
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Xp Xp+q+r+l Xm 



Figure 3: The contour integral over Xp+i. 



and a may change. If ah the vertex operators in B and C are to the left of A, we 
have 

C0{l...M) ^Ljc) V- iA2a'ES+[E?. 



co{(3-ya6) 



i=p+l j=l 



where the ratio between the two co-cycles appears because the two orderings a/3'y5 
and P^ad have different cocycles. The exponential term and the power of the (— 1) 
factor come from the changes of the vertex-operator orderings. By repeating the 
reduction of Eq.( A.16| ), it is clear that the power of the (—1) factor, which records 
every adjacent permutation of the vertices, would at the end cancel the ratio of the 
co-cycles. This cancellation is general for any contour integral. So this term simplifies 

to 

K\ts exp (j^ikB + kc) • kA^ (4.11) 

where we define 

p p+q p+q+r 

"^ki = kA, ^h = kB, ki = kc. (4.12) 

i=l i=p+l i=p+q+l 

Similarly, when all the vertex operators in B are on the left of that in A and all the 
vertex operators in C are still on the right of A, we have, 

A^i;^,exp(^fc^.fc^). (4.13) 

For the rest of the terms, the orderings a, /3 and 7 are mixed, for example, and some 
operators in /3 are inserted into a. For these terms, we get, 

/ • , p+q+r p N 

^ j=p+i j=i ^ 

where a is a permutation of the vertices a/37 = l...{p + q + r) which keeps intact 
the relative orderings inside q, /3 and 7, respectively. So c{i,j;a) = 1 if crj < aj and 
c{i,j;a) = if (Tj > aj. 
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> 1. In this case, because the integrals over all the other variables in (3 and 7 
have the original upper bound 1, we have to reverse their integrals, and obtain 

(-1)^+-! A^g)^^,,,,^^ exp <'^r. <y)h ■ (4.15) 

where o" is a permutation of the vertices p + 1, ...M. Note that the orderings inside j3 
and 7 are reversed, i.e., for any two indices i < j m. (3^, ai > aj. Since we have fixed 
xm = 00, these terms have mixed indices, with the vertices in /3 are inserted into 6. 



In summary, the contour integral identity (^^) takes the form 

Eq.Q + Eq.(|ll|) + Eq. (|4T3|) + Eq.(p^ + Eq.(|l|) = (4.16) 

which is the generalization of Eq.( 3?Tl| ). Again, as in Eq.( |3.1l| ), the co-cycles do not appear 
explicitly in the identity. 

In the zero slope limit, the real part of Eq.( |4.16] ) just gives Eq.( |4.3| ). For example, 
Eq.( [4.16[ ) have two terms which contain the pole P = —p{A)p{B)p(C)p{D){kA + ks)^, 

Cal3f5,P = —Ci3a-i5,P (4.17) 
L(c) 

where the first terms comes from the amplitude A^^^^ while the second one comes from 

^^07(5 ™ T^exo slope limit. 

The imaginary part of Eq.( p^) gives the color identities in the zero slope limit. The 
calculation is similar to the 4-point case, although we need to be more careful since the 
internal momenta may be off shell, i.e., k\ ^ 0. For the zero slope limit, each one has the 
form, /c^aW. So we are not looking at the poles -P{A)P{B)P{C)P{D){kA + kef of the 
order A;2(*^-3) but that of the order A;2(^^-4), say, P' = p{A)p{B)p{C)p{D) . The mixing 
terms (4.14) and ( [4.15| ) cannot give this pole when multiplied by a fc^ term. So the relevant 
terms are just from ( [4.11| ) and ( |4.13| ), A^^^^^(A;a ■ ks + kA- kc), A^ajS^A ■ ks which gives 
the six possible terms. 



kA ■ ks kA ■ kc 

CMa&-(kB+kcYP' _^ kcYP'' ^/37"-5 -(fcs+fcc)2P' kcYP' ^ ' 

kA -ks kA - kc 

''P^-'^-(^^+^C?P' -ikA + kcfP" C/37«<5,-(fcA+fcc)^P'_(^^^^^)2p, (4.19) 



kA ■ ks kA ■ ks 



(4.20) 



where the third term cancels the last term, i.e, cp^a5-{kA+kcYp' — ~'^i3a'y5,-{kA+kc)'^p' ■ For 
the first two terms, we can rewrite the momentum invariants as, 

kA-ks + kA-kc = -h\ + hi - ^{kB + kef (4.21) 

The last term will cancel the {ks + ^c)^ in the denominator so we get the expected pole 
P'. The k^ term is not involved in this numerator of the pole term because if kA is on 
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shell, then this term vanishes. If the kA is off shell, then the /c^ appearing in P{A) and 
also P' would be cancelled by this new k\ factor and hence the P' pole structure would be 
changed. In this manner, we further simplify the identity to, 

-C/3^a5-{kB+kc)^P' + (^Mot&-{kA+kcYP' + (^l3a-f5-{kA+kB)^P' = ^ (4.22) 

which is the color (Jacobi) identity (4.4) by Eq.(4.2). Since the sub-diagrams A, B, C, D 



are completely general, we obtain all the possible color identities in the tree level by this 
analysis. There are (2M — 5)!! channels and each channel contains (M — 3) internal lines, 
so there are (2M — 5)!!(M — 3) choices of (A)(B)(C)(D). Each color identity involves 3 
terms, so there are (2M — 5)!!(M — 3)/3 color identities. 

We now have the counting given in Table ^ (rij's replaced by Cj's), where the number 



of Cj means the q identified by Eq.(4.3) but before the consideration of the color identities. 
The number of q is calculated from choosing one internal line of a tree diagram. An 
independent set may be chosen as [16| 



where cr's are the (M — 2)! permutations of (2, 3, ...M — 1). So there are (M — 2)! linearly 
independent q's. 

4.3 Right-moving amplitudes 

Here we choose the right-moving vertex-operators from the vector sector, so for example, 
the string amplitude for the vertex ordering 1....M is. 





f 1 \ 


Al...M - ^,2 \ 


KV2) 






/ dXp+2--- 


f 







\ M-2 I- „1 

1 • / dxi...dxp-i / dxp+i 

/ Jxi<...<Xp-i_<0 Jo 



dXp+q+r / dXp+q+r+2---dXM s{x)f{x), (4.24) 

J l<Xp+q+r+2<---XM 

where again we fixed Xp = 0, Xp+g+r+i = 1 and xm = 00. As before the function s{x) is, 

s{x) = xm{xm - 1) n ~ Xi)'^''''^' (4-25) 

and the function f(x) is, 

'a' Ci-Cj a' v-^ Ci-kj 



l<i<j<M ^ * J' l<i¥'3<M ^ 



(4.26) 
multiple- linear 



where the Ci's are the gluon polarizations. 

The right-moving amplitudes A^^^\ki, Q) in the general M case satisfy the same open 
string identities as the A^^'^^'s. More specifically, the contour integral method for the 
right-moving part will yield similar equations like Eq.( |4.8| ), with all the A^^'^^'s replaced 
by A^(^). In the zero slope limit, 

■^aa%an,-,an ~^ '^a^%cTr,,...,an = (Ocri ; O-cra ; • • • > On) (4.27) 
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which are the Yang-Mills partial amplitudes. Therefore, the real (real-SID) and imagi- 
nary (im-SID) part of the string identities will generate the set of relations for the partial 
amplitudes. The key difference between color and kinematic identities become clear for 
M > 4. 

Let us take a closer look at the general im-SID formula. We begin with the partial 
amplitude ^i23...Af-i,A/ and consider the contour integral in X2 while the relative order of 
(13.. .M - 1,M) are fixed. This yields the relation 

A/-1 , i ^ 

{k2 ■ ki)A{213...{M - 1)M) - f ^fca-fcj J^(13...i,2,(i + 1)...(M-1)M) =0 (4.28) 

i=3 ^j=3 ' 

Note that this contour is the same as (4.8) if we set /3 = 2. However, unlike the discussion 
following (4.8), here we cannot simply pick up the residues but have to work out all the 
terms inside this open string identity and find the relative signs. Besides /?, the remaining 
3 vertex orderings a, 7 and (5, which correspond to the sub-diagram A, B and C, would 
combine into afi^b = 12. ..M — 1, M, up to cyclic permutations. By the cyclic permutation, 
we can always put the index "1" inside a, so a = ...1, 3, ...i. 

These identities contain only the gauge independent amplitudes A^^""^ so are very 
convenient for the KLT relation based on the left-moving A^^'^'^ and right-moving 
If we want to show that the dual kinematic identities have the same form as the color 
identities, we need to decompose the A^^^'^ into different channels, 

=Y.^ (4.29) 
p 

where P goes through all the 2^~^(2M — 5)!!/(M — 1)! channels within the ordering a. 
However, the choice of explicit expressions for the n^^p's is not unique. (We may start with 
a particular choice, like the symmetric way according to the color factors Q.) In general, 
each Uj contains both a "residue" (or "non-contact') piece and a "contact" piece, and only 
the "residue" piece will obey the kinematic identities. 

The terms inside ( 4.28 ) and related to the decomposition A, B, C and D are, 

^a72(5,-P'(A;2+fcc)^ 



{k2 ■ {k^ + ... + k, + kc) - k2 ■ {k3 + ... + k,)}- ^ ^^^2 

{k2 ■ (/C3 + - + ki + kc + ko) - k2 ■ {k3 + ... + ki)} 



"-2Q!7<5,-P'(fc2+A:A)^ 
-P'ik2 + kA? 



{k2 ■ (fcs + ... + h + kc + ko) - k2 ■ {ks + ... + h + kc)}^^^^^^f^f^^^^ (4.30) 

' -P'{k2 + knr 



(4.31) 



where P' = P{A)P(C)P{D). The related terms inside can be simplified into, 

na-y25,-P'{k2+kc)^ ~ ^2o75,-P'(fc2+fcA)^ + ''^2a-y5,-P'{k2+ko)^ 

P{A)P{C)P{D) ■ 
Repeat this process, the open string identity ( |4.28D is reduced to the 'coupled" dual identity, 

v;^ '^a-y25-P'(k2+kc)^ - 1T'2a-y5-P'(k2+kA)^ + "-2a75,-P'(fc2+fco)2 _ , . 
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where the sum is over ah the possible decomposition (A, C, D) such that a2^5 = 123... M — 
1,M up to cyclic permutation. Each {A,C,D) gives three terms which have the same 
form of the color (Jacobi) identities. Because the three sub-diagrams A, C and D, can be 
interpreted as a (M — l)-point channel with one vertex removed, the number of {A, C, D) 
is 

2M^3(2M-7)!!(M-3) 

(M - 2)! ' ^^■'^'^> 

so each open string identity contain 2*^"^(2M - 7)!!(M - 3)/(M - 2)! triplets, each of 
which has the form of the color (Jacobi) identities. Eg. ( [4. 32] ) is gauge invariant and holds 
in arbitrary choice of the n's. When we pick up the residues of ( |4.32 ), we get. 



{'^Q:72<5,-P'(fc2+fcc)2 - 1T'2a-y5-P'{k2+kA)^ + '^2a-i5,-P' {ki+koY 1 Iresidue ~ ^ 

However, when M > 4, the dual identities themselves with the non-residue terms do not 
hold for an arbitrary choice of the n's. 

Let us give an example to illustrate the difference between the M = 4 case and the 
M > 4 cases. Let us consider the M = 5 case. Using Eg. ( [4.32] ), we can first draw the disc 
diagram with only (1345) in CCW direction, so there are two 4-point channels. For each 
channel, we can remove one of the 2 vertices to get the (A,C,D), so there are four choices of 
(A,C,D): ((13),4,5), (1,3,(45)), ((51),3,4),(1,(34),5). Eg. (^ ) yields the gauge-independent 
identity (p^ . 



Q _ ^(13)(42)5 - '^2(13)(45) + ^(13)4(52) _^ "-1(32)(45) " '^(21)3(45) + "-(13)(45)2 
Sl3 S45 

^(51)(32)4 - '^2(51)(34) + "-(51)3(42) _^ "-(34)2(51) " "■(21)(34)5 + "■1(34)(52) 
Sib S34 

where S13 = —{ki + k^)"^ etc and n(^i^-^(^^2)b the numerator factor in the S13S24 channel 
in the partial amplitude ^13425 in A^^'"^ ( 4.2g| ) or eguivalently in Ji^^ (|1.1D. The details 



of the M = 5 case will be explained in Section 5. Here it suffices to note that the 3 n^-'s 
in any of the 4 triplets has a common pole which appears in the respective denominator. 
If we replace the kinematic factors by the color factors, then each triplet of color factors 
must sum to zero. That is how the color identities appear. However, since the spacetime 
momenta are continuous, this im-SID only implies that the residue of each pole term must 
vanish. For general M, each im-SID involves a set of triplets, where each triplet of n^-'s is 
the numerator of a product of (M — 4) poles that are common to the n^'s in that triplet. 
This yields the set of kinematic identities ( |1.9D , in one-to-one correspondence to the color 
identities ( |1.7[ ). For M = 5, we can prove that there always exists a gauge choice so that 
each triplet sums exactly to zero. We have not been able to extend the proof to general 
M. It is clear that even if such a gauge choice exists, it is hard to find and so the exact 
identity may not be that useful. On the other hand, the im-SID in terms of the n^-'s is 
gauge-independent and so may be more useful. However, the existence of the exact identity 
(|1.8| ) (but without the explicit construction of the n^-'s ) can sometimes be useful. 

To get a feeling of what to expect as M increases, we give an explicit example for 



(4.32) for the M = 6 case. Now we need to draw a 5-point disc diagram with (13456) in 
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CCW direction, which contains 5 channels. For each channel, we can remove one of the 3 
vertices to get a choice (A,C,D), so there are 15 choices, yielding 

Q _ "-1((34)2)(56) - "-(21)(34)(56) + "-1(34)((56)2) _^ ?^(1(34))(52)6 " "-(2(1(34)))56 + "-(1(34))5(62) 
S34'S56 S34S134 

"-((56)1)(32)4 - ^(2((56)1))34 + "-((56)1)3(42) _^ »(61)(32)(45) " "-(2(61))3(45) + "(61)3((45)2) 

•S56S156 ■S45S16 

^^((61)3) (42)5 - "(2((61)3))45 + "-(6(13))4(52) _^ "l((3(45))2)6 " "-(21)(3(45))6 + "l(3(45))(62) 

■516S163 ■S45'5345 

"-(13)(42)(56) - "-(2(13))4(56) + "-(13)4((56)2) _^ "-((13)4)(52)6 " "-(2((13)4))56 + "-(2((13)4))56 

■Sl3'S56 •5l3'Sl34 

"-1(32)(4(56)) - "(21)3(4(56)) + "-13((4(56))2) _^ "-(61)((34)2)5 " "-(2(61))(34)5 + "(61)(34)(52) 

■556S456 ■S6IS34 

"-(5(61))(32)4 - "(2((56)1))34 + "-(5(61))3(42) _^ "-1(((34)5)2)6 " "(21)((34)5)6 + "l((34)5)(62) 

S16S165 ■534S345 

"(13)((45)2)6 - "(2(13))(45)6 + "-(13)(45)(62) _^ "(6(13))(42)5 " "-(2(6(13)))45 + "-(6(13))4(52) 



■Sl3'S45 ■Sl3'5l36 
"'1(32)((45)6) - "(21)3((45)6) + "l3(((45)6)2) 



(4.36) 



S45S456 

where sisg = —{ki + + ke)'^ etc.. Here, "i((34)2)(56) is the numerator factor in the 
•534S234S56 channel in the partial amplitude ^134256 in Aa^^^ ( 4.29|) . For M = 6, there are 
18 independent im-SID's and each im-SID contains 15 triplets. 

4.4 Yang-Mills amplitudes 

In this subsection, we determine the Yang-Mills amplitude for M gluons, 



^YM^^M-2^£^ (4.37) 

p 



where P goes through all the (2M — 5)!! channels, i.e., all the different pole structures. The 
product cpnp means Ca,pna,p, which actually has no dependence of the vertex ordering 
a. A different ordering choice (3 will introduce ± signs by Eq.([4.3|) Ca,p = ic^,P) "o,p = 
zbn^^P, however, they always take the same sign so Ca^pUa^p = cp^pUp^p. 
We can use the KLT relation |^] to derive Eq.( [4.37| ), 

/ • \ A/-3 / N M-2 / . \ A/-3 

AVon=Q) -(f) (-^) (4-38) 



a,l3 

where a, (3 are the ^(M — 1)! vertex orderings since three vertices are fixed. F{a^ j3) is the 
phase factor, 

(4.39) 

■i>j 



F{a,l3) = exp (ivr^/(yA;i • /cj ;«,/?)) 

where {i > j) 



,a' 



2 ^ ' \0 if(a,-a,)(A-/3,)>0 
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so F{a,j3) is symmetric in a and /3. Contour integral will simplify the expression ( 4.3^ ) 
into a sum of the products of left-moving partial amplitudes and right-moving partial 
amplitude, where the number of terms is given in |^] , 



(M - 3)! [^(M - 3)] ! [^(M - 3)] !, if M is odd (4.41) 
(M-3)! [^(M - 4)] ! [^(M - 2)] !, if M is even. (4.42) 

There is a large number of the channels involved in this sum: since each partial amplitude 
contains 2*^~^(2M — 5)!!/(M — 1)! channels a naive counting suggests that there are 

2'iM-A 

(M-l)!(M-l)(M-2) 

CiUj terms in the Yang-Mills amplitude if M is odd and a similarly large number if M is 
even. However, the zero slope limit for gluon sector is the same as Yang-Mills theory, so 
only the "diagonal" terms survive, 

ylhet I _ ylYM _ Cg^png^p 

- -^Af " 2^ ^ • (4.44 j 

P 

As in the 4-point case, we conjecture that this simplification uses all the color identities 
for Cj's and all the independent kinematic identities for n^ 's. This is explicitly checked for 
M = 5, to which we now turn. 



-(M-3))!(2M-5)!! 



(4.43) 



5. The 5-gluon Tree Amplitude Example 

Let us now illustrate the above discussion with the 5-point example. The properties of 
the 5-point open string amplitudes and their zero slope limit are discussed in Ref.|ll, |^, 
while the Yang-Mills amplitudes are discussed in Ref.[^. So here we shall emphasize the 
heterotic string properties. We shall also discuss the gauge choice issue to get a sense of 
the underlying structure. 

5.1 Left-moving amplitudes and color identities 

We fix the three points xi = 0, X4 = 1 and = 00, so the amplitude has the 

integration region 

1 rl 

dx2 / dx^ (5-1) 

Jx2 

As in Eq.( [4.16| ), the contour integral in X2 over the line above the real axis gives 

^ — -^12345 ^ '^23145'^ ^ '^21345'^ -^14325^ W-^J 

where in this case, a = l,/3 = 2,7 = 3 and 6 = 34. The correspond poles are pA_ = ^, 
PB = I, PC = 'i^ and pD = -{ki + k^f' . 
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Here we follow the conventions in Ref.Q in labeling the color factors within the left- 
moving amplitudes, in the limit a' — )■ 0, 



J(')(l,2,3,4,5) = 




+ 
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+ 




+ 




S 12^45 


S23S5I 
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S51'S43 
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S42S5I 




S23S14 




S35S42 




551523 
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Cl5 
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ClO 




C4 
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S13S45 




S32S5I 




S24S13 




S45S32 




551*24 



(5.3) 

where Sij = sji = — (fcj + kj)'^. The rest left-moving partial amplitudes are not linear 
independent, so they do not contain new c's, for example, 

4^5 = ^ + ^ + ^ + ^ + ^. (5.4) 
S25S34 S13S45 S12S45 S25S13 S12S34 

The leading real part of the open string identity ( ^ ) yields 

^ — ^12345 ^ ^23145 ^ ^21345 ^14325 W-^^ 



which determines the relative sign for the c's appearing in different sub-amplitudes. Eq.(|5^ 
has already taken advantage of this identity. 

The leading order of the imaginary part of the identity (5.2) is, 

= ^23145(^12 + Sn) + ^21345S12 + ^SsL'SlS (5.6) 

This identity contains 20 terms, each of which may contain a "single pole", like C15/S45 
or a "double pole", like — si2C4/s23S45- The basic strategy to simplify the identity is to 
combine the terms with the same q together and use the kinetic identities like, 

•S12 + si3 + S23 = S45 (5.7) 

to eliminate the double poles. Now each q is just the residue of a single pole. We are left 
with 3 single-pole terms for each of the 4 different single poles: S45, S23, S25 and S34. 

-C6 + Cs + Cg ^ -C3 + C5 - C8 _ Ci - C4 - C15 _ -C2 + C4 + C7 _ ^ 



S25 S34 S45 S23 

Since the coefficient of each pole term must vanish, we get four color identities, 

C4 + Ci5 — Ci =0 
C4 + C7 - C2 = 
C8 + Cg - C6 = 

C3 + C8 - C5 = (5.9) 
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which correspond to residue of the four single poles S45, S23, S25 and S34, respectively. Note 



that the first identity is the special case of the general identity (4.22) with a = 1, /3 = 2, 
7 = 3 and 5 = 34. 

We can repeat the above contour integral argument to get the rest of the color identities. 
Similarly, for the configuration X5 = 0, X3 = 1, X4 = 00 and Jq dxi J^^ dx2, the contour 
integral in xi gives, 

C6 - C7 - Cl4 = 
-C2 + C4 + C7 = 
-C3 + C5 - C8 = 

C3 + C12-C1 = (5.10) 

For the configuration X2 = 0, X4 = 1, X5 = 00 and dxi J^^ dx^, the contour integral in 
xi gives, 

- eg + Cio + Ci5 = 

Ci - C4 - Ci5 = 
-C3 + C5 - C8 = 

C2 - C5 - cii = 0. (5.11) 

while the configuration X3 = 0, X4 = 1, X5 = 00 and dxi jj^ dx2, the contour integral in 
xi gives, 

- Clo + Cii - Ci3 = 

C2 - C5 + Cll = 
C3 + C12 - ci = 

ci — C4 — C15 = 0. (5.12) 



So we get all the 10 color identities from four contour integrals. Other contour integral 
considerations do not yield additional identities. Since the sum of any 9 of the 10 identities 
yields the remaining one, there are 9 independent color identities. 

Note that these color identities can be read off directly by looking at the diagrams. 
Consider any 4 (internal and/or external) lines that are connected by another internal line. 
These 4 lines can be connected 3 different ways, the equivalent of "s,t,n" channels. The 
corresponding 3 color factors obey a color identity, which is simply the Jacobi identity 
multiplied by a common factor of the structure constant. Actually, this is a more efficient 
way to find the color identities. 



5.2 Right-moving amplitude and the gauge choices 

Now turn to the right-moving part for the gluon momenta and polarizations. The analysis is 
the same as that for the color factors except for the crucial issue of the contact contributions 
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or the gauge choice. Let us define the n^'s to be local, so that, 
4-^(1,2,3,4,5) 
4^^(1,4,3,2,5) 
4-^(1,3,4,2,5) 
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S12S35 


S24S51 




543512 


S35'S24 




S51'S43' 


ni4 




nil 




"7 




"13 




"2 


S14S35 




S42S51 




S23S14 




S35'S42 




S51'S23 ' 


"-15 




n2 




"10 




n4 




"11 


S 13 545 




S32S51 




S24S13 




S45'S32 




S51'S24 ' 



4-^(1,3,2,4,5) = -^i^^ ^ ^ ^ (5.13) 

S13S45 S32S5I S24S13 S45'S32 S51S24 

The contour integral argument is exactly the same after we replace, in the partial 
amplitudes (|5.3| ), 

L R, (c) -?- (v), Cj Uj (5.14) 

For example, now the contour integral in X2 for A^^gg^g, analogous to the relation (^), 
reads 

U — ^12345 ^23145^ ^21345^ -^14325^ l^O.iOj 

and its imaginary part in the zero slope limit yields, 

-"6 +"8 +"9 , -"3 + "5 -"8 "l-"4-"l5 -"2 + "4 + "7 ^ fr--,a\ 

1 = U. (5. Id) 

■S25 S34 S45 S23 

The residue of each pole term must vanish. However, each of the 4 terms do not have to 
vanish by itself. That is, the non-pole terms (the contact terms) can cancel among the 4 
terms. In particular, n3 + ng — "5 = A(fei, Ci)s34- Consider the gauge transformation 

"3 -s- "3 = "-3 + /3si2 (5.17) 
where the kinematic function (3{ki,Q) is local. Then invariance of 

.R(v) _ "4 , "5 , "1 , "2 , "3 
12345 — ' ' ' ' 

S23S45 S34SI5 SI2S45 S23SI5 S12S34 

implies that 

"5 "5 = "5 - /3si5 (5.18) 
and invariance of all the remaining partial amplitudes means 

ns "8 = "8 + /3S25 (5.19) 

It follows that A^f^ is invariant under this triplet of simultaneous transformations. Under 
this gauge transformation, we can choose /3 such that 

n^j + n^ - n's = AS34 + /3(si2 + S15 + S25) = (A + /3)s34 = (5.20) 
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Now we can repeat this process for 714 + nis — ni and 77,4 + ny — 712 to obtain 

+ n'l^ — n'l = 0, n4 + n'y — n'2 = (5-21) 

It then fohows that rig + ng — ng = 0. That is, we need to make 3 simultaneous gauge 
transformations to obtain the above 4 kinematic identities from the string identity ( 5.1(]| ). 
The key is that the gauge transformation always involves 3 rij at a time. It is precisely 
such a triplet of rij that appears in each kinematic identity. 

With this preliminary discussion, we are now ready to consider the full set. Since 
there are (M — 3)! = 2 basis amplitudes out of (M — 2)! = 6 amplitudes A^^'^^s, there are 
4 independent relations among them. We already obtained one in ( p2D . Similarly, as 
we did for the left-moving amplitude, for the configuration X5 = 0, X3 = 1, X4 = 00 and 
/q dxi J^^ dx2, the contour integral in xi gives. 



uq — n7 — ni4 

Si4 



+ 



-77,2 + 714 + 717 



-713 + "-5 - rig 713+ 7112 " 



S23 

For the configuration X2 = 0, X4 = 1, X5 
xi gives the second equation in ( |5.33 ), 

-719 + 77-10 + "-15 _^ 711 - 714 - ni5 _ 



(5.22) 

S34 S12 

00 and Jq dxi J^^ dx^, the contour integral in 



-77,3 + ns - ng 712 - 77,5 - nil 



0. 



(5.23) 

^13 -545 -534 -515 

while the configuration X3 = 0, X4 = 1, X5 = 00 and dxi J^^ dx2, the contour integral in 
xi gives the last equation in ( ^.33 ). 

-77,10 + 7111-7113 77,2-77,5 + 77,11 773 + 7712 - 771 711 - 774 - 7115 

1 = (J. (5.24) 

•S24 515 Si2 S45 

Relations from other contour integral identities are redundant. Note that relations ( |5.16| , 



5.22, 5.2s, 5.24) are gauge invariant. To avoid the gauge dependence issues, one may 



choose to consider relations among the gauge-invariant partial amplitudes only, which are 
equivalent to these relations. 

It is clear that the residue of each pole term in these relations ( ^.16 , 5.22, 5.23, 5.24| ) 
must vanish. This yields 10 relations, which are the 10 kinematic identities for the residues 
of the 77j's. Now we like to show that there exists a gauge choice such that every triplet 
vanishes completely, so we have the 10 kinematic identities, 

h3-n5+n8 = 0, 
m - ni + ni2 = , 

714 - Til + 7115 = , 
77,4 - 712 + 717 = , 

ns - 'f^2 + ran = , 
m -nQ + hi4 = , 
ns-nQ + hg = 0, 
nio - Tig + ni5 = , 
nio - nil + 77,13 = 0, 

"13 - ni2 + 77,14 = (5.25) 
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Note that one of these 10 identities is redundant. 

Because there are 15 n^'s inside the 6 defining amphtudes ( ^.13 ) above, there are 9 
degrees of freedom to redefine raj's without affecting the A^^^^^s, which can be reahzed as, 



ni 
ns 
ns 
n7 

fig 

flu = 
niz = 
rai5 = 



= ni + ai2S45 

= 713 + a34Sl2 
= 715 + ai5S34 

= n-j + ai4S23 

= ng + ai3S25 
nil + 015524 
"-13 + 035^12 
"-15 + 045^13 



045^12, 
ai2S34, 
034515, 
023514, 
025513, 
024S15, 
O12S35, 
013S45- 



"2 = 

fli = 

flQ = 

flS = 

nio 

"14 



"2 + 023S15 - 
n4 + 045 S23 - 
"6 + O25S14 - 
"8 + 034 S25 - 
= "10 + O13S24 

= ni2 + 035S12 
= ni4 + ai4S35 



015S23 

023'S45 
Ol4'S25 
025'534 

- 024'Sl3 

- O12S35 

- O35S14 



(5.26) 



where 034,012,045,023,015,014,025,013,024,035 are arbitrary local functions of kj and Cj- 
The signs are carefully chosen such that the partial amplitude is invariant. Although the 
number of Ojj is 10, a particular choice, 

(034, 012,045, O23, Oi5, Oi4, 025,013, O24, O35) 
= (S34, S12, S45, S23, Sl5, 514, S25, Sl3, S24, S35) (5.27) 

does not change any rij, so it is a trivial redefinition. Therefore we can simply set any one of 
them to zero. Let us say 035 = 0, so we end up with 9 degrees of gauge freedom. We already 
see that the non-contact terms inside rii satisfy the dual identity (n, + nj + nfe)|rcsiduc = 0, 
if the color factors with the same indices satisfy Cj + cj + Cfc = 0. We like to show that by 
using a proper redefinition of the rij's, the dual identities ( p.25| ) hold exactly. 

Since the redefinition of the n^-'s are realized by the o's in Eq.( p.26| ), and we like to see 
whether a choice of the o's exists for the set of kinematic identities ( 5.25| ) to hold, these 
equations can be understood as the equations for the o's. For example, "3 — "5 + "s = 
reads, 

-"3 + "5 - "8 



O34 — O12 — Oi5 — O25 



S34 



(5.^ 



where we used S15 + S25 + si2 
matrix form, 

where 



S34. Similarly, we can write all the 9 equations in the 
Ka = b (5.29) 
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-1 





-1 
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-1 
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-1 











-1 







045 








-1 
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-1 


-1 













023 


-1 








-1 


1 











-1 


, = 


Ol5 











-1 
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-1 










Ol4 


-1 














-1 
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-1 
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-1 











-1 
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-1 




Ol3 


V 











-1 








-1 


1 / 




\024/ 



(5.30) 
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and 



-ns + 715- ns "-3 + "-12 - n-i ni - - nis -n2 + 714 + 777 n2 - - nn 



S34 
- ni4 



-716 + ns + ng 



S45 

-ng + 7Zio + "-15 



S23 

-nio + nii 



•S15 



ni3 



(5.31) 

si4 S25 Sis S24 y 

Here we are trying to find a solution to the a's so that Eq. (|5.25 ) holds. Given an arbitrary 
b, a solution is always guaranteed if the rank of K equals its size (which is 9). However, 
here K is a degenerate matrix, with rank K = 5, that is, rank K < 9. So a solution of 
the a's exists only if 4 (=9-5) constraints among the components of the column vector b 
are satisfied. That is, only 5 equations are independent and they generate the remaining 4 
equations. For example. 







(025 - ai4 - 034 - ais) + (034 - ai2 - 015 - 025) 

— (045 — «12 — «13 — «23) — («23 — «15 — «45 — «14) 

-ree + ng + ng -713 + 775-773 ni - 774 - 7x15 



S25 



+ 



S34 



S45 



-772 + n4 + nj 
S22, 



(5.32) 



which is a constraint on the original 7Zj's. Similarly, 



riQ — rij — 7714 

Si4 

-779 + mo + 7715 



+ 



-772 + 774 + 717 



Sl3 

-nio + nil 



+ 



ni 



S23 

- n4 - 



ni5 



"-13 ^ 'n2_ 



S45 
- "-5 



nil 



-n3 + ns 


- ns 


n3 + ni2 - 


- ni 


= 0, 


S34 








-ns + ns 


- ns 


n2 - ns - 


nil 


= 0, 


S34 








^^3 + "-12 


- "-1 


ni — n4 - 


"-15 


= 0. 


S12 




S45 





(5.33) 

S24 Sis S12 S4S 

These 4 constraints ( |5.32| , 5^3^ ) form the necessary and sufficient condition for the existence 



of a solution to Eq.( ^.29| ). Naively, just from the Feynman diagram viewpoint, it is not 
clear why these conditions hold. However, we see that the open string amplitude identities 
(5.16, 5.22] , |5.25 , ^.24 ) yield precisely these 4 relations. Hence open string identities ensure 



that ( 5.29| ) has solutions. That is, there exists a gauge choice such that Eq.( 5.25| ) is realized. 

Since the column vector b has no pole (i.e., local), because — ns + ns — ns oc S34 etc., 
the solution yields a set of local a's. Because the solution for ( |5.29| ) exists, there are 
9 — rank K = A remaining transformations which keep the kinematic identities invariant. 
They take the forms 
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(5.34) 
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where fi are arbitrary local functions of the kinematic variables. This concludes our proof 
that, for the (M = 5)-point case, the open string identities ensure that there exists choices 
of Tij's such that all the dual identities rii + + = ( |5.25| ) hold. 

This pattern generalizes to the general M-point amplitudes. There are (2M — 5)!! 
nj's which appeared in (M — 2)! partial amplitudes so there are (2M — 5)!! — (M — 2)! 
degrees of freedom to redefine the nj's. We can use 3){2M 5).. pg^j-ameters modulo 
some trivial ones to realization the redefinitions. The number of the effective a^'s should 



be (2M — 5)!! — (M — 2)!, which are constraint by a linear equation like ( 5.29 ) if we want 
to get the kinematic identities. Again the matrix in the linear equation is degenerate with 
rank (2M — 5)!! — (2M — 5){{M — 3)!). The open string identities would ensure this linear 
equation has solutions. So the rij choice for which the kinematic identities hold exist, and 
the "choice space" has the dimension (M - 2)! - (M - 3)! = (M - 3)!(M - 3). 

5.3 KLT relation and the 5-point amplitudes 

We can now use the KLT relation in the zero slope limit to get the 5-point Yang-Mills tree 
amplitude. Since the heterotic amplitude is a sum over the product of a left-mover and a 
right mover, and since there are 2 independent partial amplitudes for and 2 for A^, 
we can express the full amplitude as a sum over 2x2 = 4 terms. As shown in Ref.[^, a 
judicious choice of basis amplitudes allows us to reduce the sum to only 2 terms. There 
are many equivalent ways to express the 5-point amplitude. For example, 

= g^f ^4 ^ C5 ^ Ci ^ C2 ^ C3 



S23S45 S34S15 S12S45 S23S15 S12S34 

/ -ni2 , -71-6 , ns -ni4 -ng \ 

X S12S34 \ \ \ \ 

\S12S35 S14S25 S12S34 S14S35 S34S25 

+ g'(^ + ^ + ^ + ^ + ^ 
\S13S45 S23S15 S13S24 S45S23 S15S24 



X S13S24 \ \ \ \ (5.35) 

V'Sl3S25 S14S35 Sl3'S24 514*25 J 

First we go to the gauge choice where all the 9 independent kinematic identities hold. 
Then using all 18 of the 9 independent color identities (|5.9| , 5.1C| , |5.1l|j5.1^ ) and the 9 



independent kinematic identities (|5.25| ), it is straightforward (but tedious) to show that 
the 5-point Yang-Mills tree amplitude is reproduced, 

j=l J 

= g^(^ + ^ + ^ + ..) (5.36) 

V 512545 523515 512534 / 

If we want, we can now transform back to the original set of nj we started with. In the 
choice of the particular way (|5.35| ) to express -^sfgiuonlO)' presence of the diagonal term 
^^^3/(512534) is obvious, but the other diagonal terms are not. Choosing a different basis 
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to express -^sfgiuon (*-*)' ^ different diagonal term will be obvious, but not the rest. It is the 
presence of the 9 + 9 identities that allows us write '^^^^^^^^^(O) in the diagonal form that is 
given in Aj^ ( |1.1D . On the other hand, knowing that -45?giuon(0) ~ -^J^' '^^ '^^^ obtain 
the 9 + 9 identities as well, by exploiting the many different but equivalent ways to express 

•^5-^gluon(0)- 



On the other hand, instead of using the dual-Jacobi identities (5.25), one can show 



Eg. ( ^.35 ) is equivalent to the diagonal form ( |1 . 1| ) using only the gauge-invariant im-SID's 



( |5.16| , |5.22| , 5.23, 5.24] ). First, we rewrite all the color factors Cj's in (5.35) in terms of 



(M — 2)! = 6 of them, say, ci, cg, cg, ci2, cu and C15, 

ylhet /px _ ^ aR{v) , ^ f _ _ i A^i^) \ 

— t-1^12345 "T ''IS I ^ ^12345 ^12345 ^ ^13245 I 

+ rJ - £1^ _ £1^ _ £13£34 \ . . 

^ o o ^12345 ^ ^12345 ^ ^ ^13245 I ••• 1,0. 

Using all the im-SID's, 

aRIv) A^-i'") I A^-i'") fr. r>o\ 

-■834^12345 ~ •^35^12345 + ^13^13245 " '535^12435' "• [p.6V,) 

to simply the expression so each coefficient contains only one 

jhet _ ^ A^'y'") I ^ /l^(^) I ^ /l-^W 

— 1-1^12345 ''15^13245 ''12^12435 

-t-C9^;^3425 -I- (-14^14235 '-6^13245 

= E^' (5.39) 
where the last equality is proved in by using the color Jacobi identities only. So the 



diagonal form (1.1) is obtained, if only one set of the numerators (q here) satisfy the Jacobi 
identities while the ^^(''•'s satisfy the im-SID. This property should extend to all M. The 
KLT relation simply expresses Ajj^ dn]) in terms of the (M - 3)! basis amplitudes A^'y'"'s. 



Furthermore, for the 5-graviton tree amplitude, in the same manner, we have two sets 
of numerators, ni and hi. As long as the n^'s satisfy the dual Jacobi identities, the tree 
amplitude is simplified to the diagonal form, 

where the other set hi need not to satisfy the dual Jacobi identities. 



6. Discussion and Remarks 



The heterotic string also contains the graviton sector, as (vector) ® (vector). So we can 
calculate the graviton scattering amplitudes in the heterotic string theory and then take 
the limit a' — >■ to get the graviton scattering amplitude in Einstein gravity. The gravi- 
ton sector has both left and right-moving non-compact momenta, and the closed string 
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amplitude can be separated into the product of left and right-moving open string ampli- 
tude, both of which are calculated in the Yang-Mill amplitude. As explained already, the 
M-graviton tree scattering amplitude is 

^M-graviton = ~~p — (6-1) 

where nj{ki,Q) contains the polarizations ^-^ while hj contains the polarization Oth- 
erwise, they have identical functional forms, i.e., n.j[ki,^i) = nj{ki,^i). The graviton 
polarization e^y is the symmetrized traceless product in ^^Ci^. 

We can easily incorporate the scattering of fermions since spinors are present in the 



right-moving superstring part of the heterotic string. This has been discussed in Ref.|17|. 
Keeping only the leading order in a', we have A = n^'n^/Pj, where the Uj and sep- 
arately the rij^ obey the same set of identities as the color factors. Here rij can include 
both colors and/or vectors while can include both vectors and fermions. These include 
scattering amplitudes involving gravitons, gluons, gravitinos and gluinos. The resulting 
identities should be very helpful in the evaluation of scattering amplitudes. 

Until now, we consider general polarizations of gluons, d, and of graviton, e^, where 
= and ^i,^uk^ = ei^^k'^ = 0. However, we can consider special polarizations to 
simplify the computation, for example, by using the spinor helicity formalism [^] [19| pO| . 
The polarization of the gluon is chosen to be, 

where qi is the reference momentum. In this convention, by careful choices of the g,, many 
terms in the Yang-Mills amplitude vanish. For example, within the four-point partial 
amplitude ^(1", 2", 3+, 4+), nt = 0. In this case, the kinematic identity + nt + n„ = 
implies Ug = — ra„ and we just need to consider one channel. 

Spinor helicity formalism is used for the graviton polarization |]21|, 



e 



++ 



{ki,qi) = C,'l,{h,qi)C{h,qi), {ki,qi) = iki,qi)Cu {h,qi) (6.3) 



For example, since the Yang-Mills amplitude with only one gluon with opposite helicity 
vanishes: ^^/^(l"' 2+, 3+, M+) = 0, the corresponding ^^""(1— , 2++, 3++, M++) 
also vanishes. 

The heterotic string involves modes in higher representations of the Lie group. Keeping 
them will introduce generalized "structure constants" Z"**^, f°-^'~' and f^^'~", where capital 
letters A,B,C signify modes in higher representations (than the adjoint representation). 
Then the string amplitude identities (similar to ( p.ll| )) will yield the corresponding gener- 
alized Jacobi identities among them. As shown in Ref.|l|, the kinematic identities can be 
extended to include the scattering of massive particles. Since the open string amplitudes 
are multivariable-integrals involving the Koba-Nielsen variables, such Koba-Nielsen inte- 
grals can be generalized to include massive particles with higher spins and so obtain the 
kinematic identities in the scattering of massive particles. 
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One can also start with D = 10 dimensions and compactify (toroidally) 6 of them. 
The resulting theory in the zero slope limit is a low energy effective = 4 supergravity 
theory. This allows us to study scattering amplitudes in A/" = 4 supersymmetric Yang-Mills 
theory as well as in A/" = 4 supergravity theory. The identities in the tree amplitudes will 
be carried over to the loop diagrams using the unitarity method. This should provide a 
better understanding of the loop amplitudes in the = 4 theory. 

In this paper, we have restricted our discussions to the scattering of massless particles 
only. However, the analysis of Ref.[||, ^ strongly suggests that the kinematic identities 
can be generalized to massive particles as well. It is clear that this subject matter is still 
wide open. 
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A. Lie algebra and cocycles 



Here a' = ^ when not explicitly displayed. To be specific, we shall consider the Lie group 
G to be U{N) or SO{2N) only. The Cartan sub-Lie algebra is h, and we denote 

p\l = 1,..., dim h (A.l) 
as its basis. The roots of G are Ek, for which, K is a vector on the root lattice, 

[p',EK] = iK'EK. (A.2) 
G is simply-laced, so all the roots have the same length square, 

K ■ K = l/a' = 2. (A.3) 

There are N{N — 1) roots in U{N), spanned by the A^-vectors K = ib(..., +1, — 1, ...). 
For SO{2N), we have the additional roots K = ±(..., +1, +1, ...). To get the complete 
commutation relations, we introduce the cocycle Q: Let = niej and = rriiel where 
is the basis of the root lattice, we define 



P -k K = niUij^ei ■ Cj). 



(A.4) 



i>j 



Then we have. 



[Eki , Ek2 



' i[-l)Ki*K^K{p^ if Ki-K2 = -2 
i{-l)K2*K,Ej,^^^^ if Ki-K2 = -1 
iiKi-K2> 0. 



(A.5) 
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The above commutator relations completely determined the structure constants, 

[T^ T^] = iV2t\T^ = /"^T^ (A.6) 

Note that the Ek are in the raising and lowering basis. We must distinguish the upper 
and lower index since in the {p^ ,Ek^ basis the invariant inner product, Tr(T"T^) = g""^ , 
in general is not 5°"^ . The invariant product means, /"'"^ = f^""^ where we raise and lower 
the indices by g"'^ and gab respectively. 

Now we determine the gab in the {p^ ,Ek} basis. First, we define, 

Tr(/p^) = 5ij, Tt{p^Ek) = (A.7) 

Second, Plug in Ta = Ek, Tf, = E-k and Tc = p^ into the invariant relation f°'^'^ = f^""^ , it 
is easy to see that by Eq.( |A.5|) 



Tt{EkE.k) = (-1)^*^. (A.^ 



Third, if Ki+K2i- 0, 



1:t{Ek,Ek,) = ^. (A.9) 
Eq.([A^), ( |A^ ) and (^J) completely fixed the g"^ . The Jacobi identity is 

fabjcde ^ fcajbde ^ f be jade ^ q_ (^j^jq^ 

The vertex operator (left-moving part) for a gluon whose color index is not in Cartan 
sub-Lie algebra is 

V{x;k,K) = eh^^'^^+^Ki^' {-l)P^K , (A.ll) 

while for a gluon whose color index is in Cartan sub-Lie algebra is, 

-iC/^^e^'='*^^ (A.12) 

where we used the convention of Ref. In the latter case, we can formally define K = 0. 
The string tree amplitude can be viewed as the OPE's expectation value, say, 

{Q\V{xrM.Ki)V{xi-k2,K2)...V{xn;K,Knm (A.13) 

where we suppressed the integral over Xi. The co-cycle part gives, 

co(12...n) = (-l)^i'^^^i+J^i<.<.<n-^.'^^- (A.14) 

It is easy to check that when the discrete momentum is conserved, i.e., XliLi ~ the 
notation co(12...n) has the following properties: 

• Cyclic permutation. 

co{l2...n) = co{nl2...n - 1) (A.15) 

• Adjacent transpositions. 

co{12...ij...n) ■ = co{12...ji...n), (A. 16) 
when i and j is a pair of adjacent indices. 



-39- 



B. Explicit determination of the color factors for the 4-point amplitude 



Because Eq.(|L2|) gives the correct Yang-Mills 4-gluon scattering amplitude, we know that 
the factor Cg must contain the color index like f^-^^-'^bjbasai^ ^.j^-g appendix, we explicit 
calculate the c's and hence check Eq.(|1.3|). The pattern for general M should be clear. 

The emergence of the Lie group G in the heterotic string bosonic construction is inter- 
esting. To take advantage of the discrete momenta, we have to distinguish the generators 
in the Cartan-sub Lie algebra and those corresponding to vectors in the root lattice. The 
calculation of the color factors c's in the 2 cases are different. However, as expected, the 
end result puts all the color indices on an equal footing as claimed by Eq.(1.3). 



B.l Four color indices as root vectors 

In this case, all the vertex operators contain but no . As usual, the Mandelstam 
variables are defined 

S = -{Ki + K2f, U = -{Ki + K^f.T = -{Ki + K^f, (B.l) 

and S + T + U = — 4/a'. For simplicity, we set a' = 1/2 when it is combined with the 
discrete momenta but still keep a' when it is multiplying the spacetime momentum. 
We can write the amplitude in terms of the Beta functions, in the zero slope limit, 

Ac\ a' , ,s ^, a's 1 „ a't 1^ 

4,1234 = JC0(1234) • B{-— - -5 - 1, -— - -T - 1) 

~ co(1234) • --(^5,-2 + Ki ■ K^Ssfi) 
s 

+co(1234) • (-l)^/2i(5^__2 + Ki ■ K26t,o). (B.2) 



Here "~" means the lowest order in energy, i.e., in a's etc. Comparing with Eq.( 3.12| ), we 
have, 

cs = -co(1234) • {6s,-2 + Ki ■ Kg^s.o) (B.3) 
ct = -co(1324) • {6t,-2 + Ki ■ K2<Jt,o)- (B.4) 



Similarly, we have 



4:li34 = -(2 134) . Bi-'^ - I5 - 1, - ![/ - 1) 



~ co(2134) • --((55,-2 - K, ■ K^6s,o) 
s 

+co(2134) • -i5u,-2 + K2 ■ K-sdufi). (B.5) 
u 



Comparing with Eq.( 3.12| ) again. 



c, = co(2134) • {6s,-2 - ■ K^hfi) (B.6) 
cu = -co(2134) • {5u,-2 + K2 • Ks6u,o). (B.7) 
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Again, we get the factor c^. Note that since co(2134) • (—1)'^/^ = co(1234), the two results 
are identical. This is a consequence of the contour integral argument. Now we can compare 
them with the commutators. From the normalization convention in Eq.( |A.5D , (A. 7) and 

dAj), 

f-i-2bfca,a,g^^ = -co(1234) • {6s,-2 + Ki ■ Ks6s,o) (B.8) 

fa;a,hjca,a,g^^ = -Co(1324) • {5t,-2 + Ki ■ K^drfi) (B.9) 
fa2aibjca,a,g^^ = -Co(2134) • {5u,-2 + ^2 • K^^dufl)- (B.IO) 



Hence in this case, Eq. (|1.3| ) is checked explicitly. 
B.2 Three color indices as root vectors 

Without loss of generality, we set the first vertex operator has to have its color index in 
the Cartan subalgebra, i.e., Ki = 0. The string amplitude calculation is straightforward; 
here we just keep the lowest order in a' s etc. 



= {-l)Ki*K,+K,.K,+K,.K, _ • Cl - \{K^ + K2) ■ Cl) (B.12) 

Hence we can read the value of c's, 

= _(_l)-f^4*i^2+i^4*i^3+i^3*i^2|^2 • Ci (B.14) 
C, = _(_l)A'4*i^2+i^4*i^3+i^3*i^2^^ . Ig) 

It is clear that + c„ + q = 0. We can compare the c's with the commutators, 

Ja'j,aib Jca2a4 _ _^_-^\^K4,-kK2+K4*K'j,+K3i,K2 j^^ . j^g-j 
Ja2a3b jcaia4 _ _^_-^^K4*K2+K4*K;i+K3*K2 j^^ _ (B 19) 

Again, Eq.(p^) is checked explicitly. 

B.3 Two generators in Cartan subalgebra 

For this case, we can set the first and third generator in the Cartan subalgebra, Ki = K3 = 
0. The same calculation gives 

4f34 = -^(-l)''^^''^(^2-Cl)(i^2-C3) 

4L = J(i^2 • Cl){K2 ■ Cs) + ]{K2 ■ C1KK2 • C3)} 

4%, = --^{-lf'^*''HK2 ■ Ci)(K2 • Cs) (B.20) 
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so, 



It is easy to get 



Cs = -(-l)^^'^^^(i^2-Cl)(i^2-C3) 

Cu = (B.21) 



^~a3aifejca2a4^^^ = - (- l)^2.i^2 (^^ • Cl)(i^2 " Cs) (B.23) 
fa^asbjcaja^g^^ = (B.24) 



SO Eq.(1.3) is again checked explicitly. 

All the other cases are also straightforward. This completes the check of the color prop- 
erties for 4-point scattering amplitude, that the Cj's are the correct color factors satisfying 
the Jacobi identity. 
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